Molecular dynamics (MD) simulation based on Langevin equation has been widely used in the study of structural, thermal properties of matters in difference phases. Normally, the atomic dynamics are described by classical equations of motion and the effect of the environment is taken into account through the fluctuating and frictional forces. Generally, the nuclear quantum effects and their coupling to other degrees of freedom are difficult to include in an efficient way. This could be a serious limitation on its application to the study of dynamical properties of materials made from light elements, in the presence of external driving electrical or thermal fields. One example of such system is single molecular dynamics on metal surface, an important system that has received intense study in surface science. In this review, we summarize recent effort in extending the Langevin MD to include nuclear quantum effect and their coupling to flowing electrical current. We discuss its applications in the study of adsorbate dynamics on metal surface, current-induced dynamics in molecular junctions, and quantum thermal transport between different reservoirs.
Introduction
The Langevin equation has been widely used to describe the dynamics of open systems interacting with an environment (bath). Their interaction introduces dissipation and fluctuations to the system [1] [2] [3] , which are incorporated into the Langevin equation as friction and noise terms. When the time scale of the particle is comparable to that of the environmental degrees of freedom (DoF), the frictional force felt by the particle will have a memory kernel, meaning that the friction acting on the particle depends on the velocity at an earlier time. This leads to the generalized Langevin equation (GLE) [4] [5] [6] [7] [8] . By solving the GLE, different equilibrium and nonequilibrium mechanical, thermal properties of the system can be extracted.
Although the studied system could be made from different kinds of DoF [9] , the most widely studied one is nuclear or atomic or phononic DoF under the influence of thermal baths [10] [11] [12] [13] [14] [15] [16] [17] [18] . Interesting applications include the study of nuclear quantum effects [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , heat transport between two different thermal baths [12] [13] [14] [15] [16] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] , scattering of single molecule on surfaces [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] , and so on.
Classical GLEs derived from Newtonian equation of motion can also be extended to the quantum mechanical regime, using the Heisenberg equation of motion [57] , the influence functional approach of Feynman & Vernon [58] , and the density matrix method [59, 60] . Caldeira and Leggett successfully used the influence functional approach to study quantum tunneling in macroscopic systems and dynamics of quantum Brownian motion [61, 62] . In these studies, the environment is modeled by an infinite set of harmonic oscillators occupied by the quantum mechanical Bose-Einstein distribution with the zero-point fluctuations included. The bilinear coupling of the system to the quantum reservoir introduces partial quantum mechanical effects to the system, even if the system itself follows the classical equations of motion [61] [62] [63] [64] [65] [66] [67] . This semi-classical GLE (SGLE) has been used recently to study the nuclear quantum effect [17, 18, [68] [69] [70] . If the system couples to reservoirs with different temperatures, it can also be used to study the dynamics of heat transport [12, 14, 29, 33] .
The extension of the influence functional approach to consider the electronic reservoir was also conducted by several researchers and compared to harmonic oscillator reservoir [71] [72] [73] [74] . It has been used to study muon diffusion in metals, single molecule scattering, vibrational relaxation on metal surface, and so on. The electron-hole pair (EHP) excitation is the origin of the friction force felt by the system, termed electronic friction [75] [76] [77] [78] [79] [80] [81] . In surface science, molecular dynamics (MD) incorporating electronic friction has proven useful in the study of adsorbate dynamics on metal surface, where the metal electrons couple to the atomic DoF and damp their motion [81] .
In the important new case of a nonequilibrium electron environment, i.e., in the presence of electrical current, the SGLE can also be used to study current-induced forces and Joule heating in molecular conductors and nanomechanical systems [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] [99] .
The scope of present review is to summarize recent advances and applications of the SGLE to model MD in contact with electronic and phononic reservoirs possibly in nonequilibrium situations. First, we will briefly sketch the derivation of the SGLE from the influence functional approach, taking an electronic reservoir as an example. Within the harmonic approximation, we will analyze the effect of the non-thermal, nonequilibrium electronic environment on the nuclear dynamics. This is followed by several applications in the study of thermal transport, nuclear quantum effects, and current-induced dynamics. Finally, we give a brief summary and perspective for future developments.
Theory
Our starting point is the separation of the whole world into system and environment. Here the system is the atomic DoF that we are interested in, and the environment is the rest of the world. Our goal is to derive an equation of motion for the system DoF. The first step is to write down equations of motion for the system plus the environment DoF. We then eliminate the environment degrees of freedom and obtain effective equations of motion of the system including the effects of the environment, yielding dissipation and fluctuation terms.
Different approaches can be used to perform this procedure [6, 8, 10-16, 27-29, 53, 57-62, 71-73, 100-102] . Our choice is the influence functional approach of Feynman and Vernon [58] . In this approach, one starts with the full density matrix including both electrons and nuclei. Selecting the system as the nuclear DoF that one is interested in, one tries to obtain the reduced density matrix of the system only. This is realized by tracing out the environment DoF. The influence functional describes the effect of the environment on the system. From the reduced density matrix, one then performs an expansion over the classical nuclear paths to the second order, taking the deviation from the classical path as perturbation. It has at least two advantages: (1) it can deal with both boson and fermion reservoirs; (2) the reservoirs may be in a nonequilibrium state due to external driving [8] . A system coupling to a bath of harmonic oscillators has been considered in seminal works by Feynman and Vernon [58] , Caldeira and Leggett [61, 62] . We here take a noninteracting electronic reservoir as an example.
Influence functional
We only give a sketch of the derivation and the details can be found in our earlier works [87, 90] . We consider a system including electrons and nuclei. The total Hamiltonian has two parts
The nuclear Hamiltonian takes the standard form, including the kinetic and the potential energy terms
The electrons couple to the nuclear DoF through a displacement dependent Hamiltonian H e (x), where x represents a vector made from displacement of the nuclear DoF
Here, H 0 is purely electronic, the coupling to nuclear DoF is in H eI (x), through it's dependence on x. The operators Ψ(r) and Ψ(r) † are the creation and annihilation field operator of electrons, and r represents the electron position. Here, we did not include the electron-electron interaction explicitly. We assume that H e represents either a single electron Hamiltonian, or includes electron-electron interaction at a mean field level, like by density functional theory (DFT).
The reduced density matrix of the system in the displacement representation ρ s (x, y, t) can be written as
with the propagator of the reduced density matrix being (we use = 1 in all formulas throughout the paper)
Here, x and y are a pair of displacement histories of the nuclei from time t 1 to time t 2 , (x 1 , x 2 ) and (y 1 , y 2 ) correspond to the forward and backward propagating paths of the reduced density matrix, and S s (x) and S s (y) are the system action along these two paths, respectively. The influence functional F(x, y) includes the information of coupling to the electronic environment via the electronic time-propagators on forward and backward paths, U(t, x) an U(t, y), respectively,
Here, ρ e is the initial density matrix of the electron reservoir when the nuclei are at their initial positions. At this stage, it is convenient to introduce two new variables, which are the average and difference of the forward x and backward y displacement, respectively
The average path R(t) describes the propagation of the diagonal matrix element of the reduced nuclear density matrix ρ s (R + ξ/2, R − ξ/2). Its propagator can be written in terms of the new variables
The action of the nuclear part is
Here,Ṙ = ∂R/∂t is derivative with respect to time t , and we have omitted the time arguments. In the second equation, we have performed an integration-by-part. The boundary terms are ignored when performing the integration-by-part since they merely contribute to a normalization factor to K. It can be shown that the term quadratic in ξ is zero. Thus, to the second order in ξ, we get the classical nuclear equation of motion if we perform the integral over ξ. This shows that, R(t) is actually the classical path that the nuclei would follow, and ξ measures the fluctuations away from the classical path. The key problem next is to evaluate F(x, y), and write it as an expansion in ξ. Here, we consider two models of the electron-nuclear interaction. One is the adiabatic approximation where the ionic velocityẋ is the small parameter, utilizing the fact that nuclear mass is much larger than that of electrons. In this case we can perform an expansion overẋ (small-ẋ expansion). In so doing, we may deal with large displacements or even diffusion of the nuclei. The resulting Langevin equation becomes Markovian due to the time scale separation of electronic and nuclear DoF. The other approach is to take the displacement itself, x, to be small. In this case, the nuclei oscillate in a small region around their equilibrium positions and we can do a perturbation expansion over x (small-x expansion). The timescale of nuclei does not have to be much smaller than that of electrons. Thus, it results in a generalized Langevin equation with memory kernel.
Adiabatic expansion
Following the standard Fermionic path integral approach, we can write the terms in F(x, y) as functional integral of the electronic Grassmann fields ψ and ψ * ,
We have combined the forward and backward propagation into one contour with time τ, x and y are then paths on the upper and lower branches of the contour. The electron fields satisfy the boundary condition ψ(r, t 1 ) = −ψ(r, t 2 ).
In the adiabatic (small-ẋ) approximation, assuming the nuclear dynamics is much slower than that of the electrons in the environment, we can perform an expansion over the Born-Oppenheimer eigenfunctions φ n (τ) corresponding to H e (t) at time t ψ(x(τ)) = n a n (τ)φ n (x(τ)).
The action of the electrons can be written as
with V mn (τ, τ ) = i φ m (τ)|φ n (τ ) . We are here employing a very condensed notation, where the time dependence and n dependence of a n (τ) is suppressed, and two integrals over times and sums over n are understood, much like the Einstein summation notation, known from relativity theory. The Green's functions G 0 is diagonal in the n variable and the diagonal elements are given by
In this way, the functional integral can be performed formally,
We have expanded it to the 2nd order in the interaction V. Actually, we can rewrite V as,
After some manipulation of the influence functional, we can show that: (1) The first term in Eq. (14) contributes with an effective Born-Oppenheimer potential (V e ) to the effective action; (2) The second term contributes to a term ∝ẋ(ẏ) and linear in ξ; (3) The third term contributes to a term quadratic in ξ. The total effective action of system can then be written as,
The effect of the electronic environment on the system dynamics can be deduced from the effective action. The nuclear equation of motion gains two extra terms related to the coupling to the environment. The first is the BornOppenheimer force, and the second is the electronic friction. Moreover, quantum fluctuations around the classical path R(t) shows up in the term second order in ξ. With the help of the Hubbard-Stratonovich transformation, its effect on the equation of motion can be interpreted as a classical Gaussian noise acting on the system. The final result is a semi-classical Langevin equation [63] , which describes the stochastic classical system within a quantum electronic environment [103] [104] [105] 
Here, X represents a vector made from the mass-renormalized displacements X = (· · · , √ M i R i , · · ·), F I and F e are the nuclear and the Born-Oppenheimer force, respectively, and Γ e is the friction matrix. The fluctuating force χ e describes the quantum and thermal fluctuations away from the classical path R(t) in S tot . Its average is zero, and the correlation function is χ(t)χ(t ) = Π(t, t ), which can also be expressed from G 0 and V [87] . In equilibrium, it is described by the fluctuation-dissipation relation: χ(ω)χ * (ω) eq = ωΓ e coth(ω/2k B T ). Thus, we have a colored noise with frequency dependence. It reduces to white noise in the high temperature, classical limit, χ(ω)χ * (ω) eq = 2Γ e k B T . Similar equations have been derived using the scattering theory approach [93, 93, 106] . The concept of electronic friction Γ e has been widely used to describe the energy dissipation in the study molecular scattering, diffusion, rotational and vibrational relaxation on metal surfaces under external stimulation. In these studies, it is crucial that the displacement of the nuclei could be very large, and the parameters entering the SGLE may depend on the position of the nuclei. We will discuss this issue in Sec. 4.
Perturbation expansion
Alternatively, we can perform an expansion over the displacement x. To do that, we consider the linear in x term in H eI (x), and assume x is small. This results in a linear electron-phonon coupling term
An expansion over x to the second order results in a SGLE of the following form in mass-scaled displacement,
This equation looks different from Eq. (17) . Firstly, it has a memory kernel. The reason is that we do not have the clear time scale separation between the system and environment any more. Secondly, the velocity dependence is absent. Actually, we can do an integration-by-part over t to the first term on the right hand side. This transforms the dependence on X(t ) toẊ(t ), and introduces an extra term that renormalizes the potential felt by the nuclei [33] . The renormalization is absent in the adiabatic expansion, since it is included in the Born-Oppenheimer force F e (X). This difference between the x andẋ expansions is well-known as discussed in Ref. [62] . We will return to the χ e -correlation function later. The advantage of the small-x expansion is that, one can make the harmonic approximation for the nuclear dynamics. Many interesting effects can be identified even within this simple approximation, and their key features can be more easily analyzed. This is shown in Sec. 3.
Including phonon environment
If the system furthermore couples linearly to a phonon environment (either in x orẋ), a SGLE of the same form as Eq. (17) or (19) can be obtained. Altogether, each term at the right side of the two equations will now include terms from electron and phonon, respectively. For example, Eq. (19) changes tö
with Π r = Π r e + Π r ph , and χ = χ e + χ ph . The first term on the right hand side includes both renormalization and dissipation. The matrix Π r (t−t ) is the retarded self-energy due to system-environment coupling in the nonequilibrium Green's function (NEGF) theory. This connection with the NEGF theory is very favorable in terms of numerical calculation of realistic systems, since the NEGF theory has been widely used in the study of transport problems. The phonon part Π r ph can be obtained exactly if the system-environment coupling is linear. On the other hand, it is difficult to obtain the electronic part Π r e exactly. The simplest approach is to take the lowest order term, corresponding to the polarization-like bubble diagram of the self-energy evaluated using the unperturbed electron Green's function. The correlation function of the fluctuating force χ can also be written in terms of the self-energies in NEGF theory. In equilibrium, they are related through the celebrated fluctuation-dissipation theorem.
We have the following comments on the SGLE: (1) The SGLE is a powerful tool to study MD within electron and phonon environments. Since it is derived from first-principles, it can be readily used to study realistic systems. Given the system Hamiltonian, the parameters entering the equation can be calculated and no fitting parameters are needed. (2) Since the environment DoF are noninteracting and treated fully quantum mechanically, the quantum statistics of the environment is taken into account. The environments DoF fulfill the corresponding Fermi-Dirac or Bose-Einstein distribution for electrons or phonons, respectively. This is important at low temperature. (3) The environment is not required to be in equilibrium. When including the electronic environment, we can use it to perform MD in the presence of electrical current. This is the focus of this review. The SGLE can also be used to study phonon thermal transport by introducing two phonon reservoirs at different temperatures. It has been shown for harmonic systems to reproduce the quantum mechanical results exactly [107] . While at high enough temperature, the system behaves classically, and the SGLE gives correct classical results. (4) The memory kernel in Eq. (20) makes numerical simulation quite expensive. Numerical methods have been introduced to eliminate the memory kernel by introducing auxiliary variables [15, 16, 34, 35, 60, 68, 108, 109] .
Theoretical Analysis: Harmonic modes coupling to electrons
In this section, staying in the harmonic approximation, we analyze the SGLE in different circumstances. We show that, it can describe a varieties of interesting effects. Especially, it has been used to study current-induced dynamics in model systems [82-85, 93, 94, 98, 106] . The nonequilibrium nature of the electronic environment brings in several new effects that are absent in equilibrium, among which are the modification of nuclear potential [95, 96, 110, 111] , appearance of non-conservative current-induced forces and effective magnetic field due to the Berry phase of electrons [87, 88, 90, 92-94, 98, 112, 113] . These current-induced effects show up already in the linear coupling regime. Thus, it is convenient to use Eq. (19) , and perform mode analysis in the frequency domain. Equation (19) 
where K is the dynamical matrix in the harmonic approximation. The equation can be solved for X(ω). But, here instead of solving it, it is useful to analyze the structure of Π In the following, we analyze these terms one by one.
Electronic friction
Electronic friction comes out of the adiabatic expansion as the first order correction yielding Γ e in Eq. (17) . This dissipative force leads to energy transfer between the electrons and the nuclei, thus is beyond the Born-Oppenheimer approximation. This energy transfer plays an important role in adsorbate dynamics on metal surface [79, [114] [115] [116] [117] [118] [119] [120] . In our harmonic model with small-x expansion, the third term in Eq. (22) describes the electronic friction felt by the nuclei. From it, we can define a frequency-dependent, non-Markovian Γ e (ω) = ImΠ r e,sym (ω)/ω. Its diagonal elements represent effective broadening of vibrational modes and are related to the vibrational lifetime.
Physically, the electronic friction originates from excitation of EHP in the Fermi sea by nuclear motion. It has been derived using different theoretical approaches [54-56, 81-83, 85, 87, 93] . One notable example is that of HeadGordon and Tully [79] [80] [81] . By deriving the nonadiabatic coupling between electronic states and applying GLE and mean-field theory, they calculated the electronic friction for the CO/Cu(100) system. This approach has now become a standard tool in the study of adsorbate dynamics on metal surface, even under external driving. Recently, the tensorial and mode-specific feature of the friction matrix in energy transfer has been analyzed which we return to later [50, 51] , and the similarities and differences of different definitions have also been discussed [54] .
The electronic friction we derived here also applies to the nonequilibrium case, i.e., in the presence of electrical current. The electronic density of states (DOS) determines directly the magnitude of the electronic friction. If the electronic DOS around the bias window is flat, we can neglect its energy dependence. In this case the bias dependence of the electronic friction will be negligible corresponding to the wide band limit in quantum transport. In the opposite case, the bias dependence becomes important and new effect may emerge. In Ref. [88] , the authors considered a single vibrational mode coupling to a donor-acceptor two-level electronic system ( Fig. 1 (a) ). For this single mode model quantities in Eq. (17) are all numbers. The bias dependence of the electronic friction γ e can be expressed from the rates of vibrational emission (B) and absorption (A) processes, see Fig. 1 
Depending on the relative position of the donor and acceptor level, there could be resonantly enhanced emission or absorption of the vibrational mode. For resonant absorption, A > B, and γ e is large ( Fig. 1 (c) ), while for resonant emission γ e decreases and even goes negative ( Fig. 1 (d) ). In the former case, the donor level is lower than the acceptor level by one vibrational quantum Ω and the main transport channel is accompanied by vibrational absorption. Thus, the current can be used to depopulate the vibrational mode, leading to current-induced cooling of the mode. On the other hand, in the latter case, the position of the two levels are reversed. This population inversion is akin to the case of the mode populations in a laser. This vibrational amplification by stimulated emission is the physical reason that leads to the negative electronic friction. This negative friction is a nonequilibrium effect, contrary to equilibrium, where the relative magnitude of A and B is determined by the detailed balance relation B/A = e −Ω/k B T < 1, resulting in a positive friction. The anharmonic effect on heating and cooling of the molecular junction has been analyzed by Segal and coauthors [121] .
In our theory, we have ignored the effect of electron-electron interaction on the electronic friction beyond the adiabatic mean-field screening of the coupling. Combined with numerical renormalization group calculation, Dou et al. [56] studied the modification of electronic friction due to strong electron-electron correlation through the AndersonHolstein model. They found a qualitative difference of the electronic friction calculated from the numerical renormalization group (NRG) and the dynamical mean field theory (MFT) (Fig. 2) . This highlights the importance of electron correlation on the electronic friction. 
Joule heating from the nonequilibrium fluctuations
The interaction of the flowing current with the nuclei leads to heat transfer from the electronic to the nuclear DoF, normally termed Joule heating. In the SGLE, this is reflected in the correlation function of the fluctuating force. In equilibrium, we have the fluctuation-dissipation relation χ e (ω)χ * e (ω) eq = −ImΠ r e (ω) coth(ω/2k B T ).
This includes both thermal and quantum fluctuations. In nonequilibrium, the correlation function of χ e gains an extra term due to the voltage bias. In the wide band limit, it has a bias and energy dependence as
The extra noise is linear in ω. The Heaviside step function Θ(eV − ω) means that, due to energy conservation, the extra noise have an upper limit determined by the applied bias. Fitting the nonequilibrium noise correlation function to a form similar to Eq. (24), we can define an effective electronic temperature of a given vibrational mode i in the presence of current flow,
It should be noted that, the above equation contains the electron-nuclear coupling terms and different modes will generally experience different effective electronic temperatures. From this analysis, Joule heating can be understood from another point of view. The applied bias changes the effective temperature of the electronic system and the temperature difference leads to heat flow between the electrons and the nuclei. It can be shown analytically that, for harmonic oscillators, using the above noise correlations, the prediction of Joule heating from the SGLE is equivalently to that from the NEGF method under the same approximations [90] . That is, it can produce fully quantum mechanical results for harmonic oscillators.
The non-conservative and effective Lorentz force
When a current flows through a conductor, it induces forces on the nuclear DoF. Whether this current-induced force is conservative or not is a question that brought some confusion [122] [123] [124] [125] . Todorov and co-authors gave a concise answer to this question [126] [127] [128] . Moreover, they showed that the non-conservative force can be used to drive an atomic motor using Enhrenfest MD to perform the numerical calculations [126, 129] . Later on, the SGLE was used to study the same problem [87] , and the effect has been extended to mesoscopic systems [93, 113, [130] [131] [132] . It has the advantage of considering the deterministic current-induced forces and stochastic Joule heating on an equal footing [87, 90, 93, 94, 106] . It was here predicted that, in additional to the non-conservative force, there is an extra effective Lorentz force originating from the Berry phase of the electrons. We discussed how the Joule heating can be considered within the SGLE in Subsec. 3.2 in terms of stochastic forces, while here we focus on the deterministic current-induced forces.
Firstly, the force contributed from F nc ≡ −ReΠ r e,asym X is non-conservative. This can be seen from the antisymmetric properties of ReΠ r e,asym , which leads to ∇× F nc 0. This means, the nuclei move within a non-conservative force field (Fig. 3 (a) ). If they move along a certain loop, F nc can pump or extract energy from the nuclei depending on the direction of the motion (Fig. 3 (c, d) ). This energy transfer through deterministic work is fundamentally different from Joule heating. Since the off-diagonal (anti-symmetric) part of ReΠ r e,asym is important, the system should have at least two DoF.
Secondly, the force contributed from F bp ≡ −ImΠ r e,asymẊ is different from friction. Its effect on the nuclear dynamics is similar to that of an magnetic field, due to the anti-symmetric property of ImΠ r e,asym . It originates from the Berry phase of the electrons, which back acts on the nuclei. Actually, this force is more easily understood from the adiabatic expansion. It, together with the friction, comes as the first order correction in the expansion(−Γ eẊ term in Eq. (17)). We should mention that the Berry phase comes from the time-reversal symmetry breaking in the electronic environment, and becomes zero in equilibrium. This phase is not quantized, and F bp changes continuously with the applied voltage. Berry and Robbins have studied this kind of 'geometric magnetism' and showed that it is zero when the system has a discrete spectrum [133] . Here, the coupling of the system to the electronic environment leads to broadening of the spectrum, and renders the Berry phase non-zero. Like the Lorentz force, F bp does no work on the nuclei, but it changes the orbit of the eigen mode motion. It may change the orbit from linear to elliptical (Fig. 3) , and help the non-conservative force to do work on the nuclei.
Both F nc and F bp come into play only when there are at least two DoF in the system. Thus, the main results can be illustrated by a two-mode model [87, 90] . Neglecting the fluctuating forces first, we can write their equations of motion in the eigen mode basis
Here, ω 1 and ω 2 are the angular frequency of the two otherwise independent vibrational modes. Their simultaneous coupling to the electrical current leads to indirect vibrational coupling, parametrized by a and b in the above equation.
They represent the non-conservative and the effective Lorentz force, respectively. We can analyze the eigen spectrum of the system including a and b. We find that, above certain bias, the two forces, especially F nc , may drive the system into a run-away instability, characterized by a negative damping corresponding to a negative 1/Q factor, as shown in Fig. 3 (e) . In this situation the energy of the unstable harmonic mode will keep increasing in time once it is excited. It is also shown that, the change of the orbit by F bp helps F nc to perform work. This is f.ex. seen in how the threshold bias of the instability decreases when including F bp . If the nuclei couple strongly to the electrons, the potential felt by the nuclei may change a lot when there is an applied voltage bias. It may even generate a bistable state and lead to conductance switching behavior. It has been studied within the minimal Anderson-Holstein model [85, 96] , where one vibrational mode couples to the electronic system through an onsite interaction. The left part of Fig. 4 shows the voltage induced bistable states. It comes from a harmonic potential at zero bias. The right part of Fig. 4 shows its signature in the electrical current. In Fig. 5 , different kinds of behaviors in phase space are also observed at finite biases.
Renormalization of the vibrational potential and bistability

Applications
Numerical implementation
Before turning to the applications of the SGLE, we discuss briefly two technical issues faced in any numerical implementation of the SGLE approach. Firstly, the friction part of the SGLE in general has a memory kernel due to the difficulty in separating completely the time scales of the system and the bath. Although this does not pose a conceptual problem, in practical, realistic calculations, it is numerically more involved compared to a time-local friction. To this end the non-local, non-Markovian equation can be transformed into a local, Markovian one by introducing auxiliary DoF into the equation. This trick has been successfully used by different authors [20, 34] . Secondly, the colored noise spectrum requires certain attention in the generation of the random force. Two approaches have been applied in the literature. This first one makes use of the fact that the noise is δ-correlated in the frequency domain. Thus, generating the noise in the frequency domain and making fast Fourier transform to time domain gives a time-correlated noise that can be used to do the MD simulation [14, 134] . The problem of this method is that, one has to generate the noise and store it before performing the simulation. For large scale simulations involving many DoF this could result in a storage problem. More importantly, for certain applications, i.e. molecular diffusion on, or scattering off, a metal surface, the coupling of the system to the baths may change during the simulation. In this case one needs to adjust the noise on the fly. To overcome this difficulty, different approaches have been adopted to generate the noise directly in time domain [34, 135, 136] .
Adsorbate dynamics on metal surfaces
The coupling between molecular motion and EHP excitation is important in order to understand adsorbate dynamics at surfaces, F. ex. it was found that the vibrational lifetime of CO on a metal surface is in the order of ps, while on a NaCl surface it is many orders of magnitude longer (ms) [115, 137] , see Ref. [138] for a recent review. Detailed theoretical and experimental study shows that the coupling between molecular vibrations and the EHP excitation is key to understand this difference. Molecular-beam surface scattering experiments provide direct evidence of the coupling of molecular motion to the EHP excitation [116, 117, [139] [140] [141] . The detection of chemicurrent during the adsorption of molecules on thin metal surface of tunnel junctions is another signature of coupling [118] [119] [120] . The electronic friction language was quite successful in understanding these experiments. Head-Gordon and Tully [81] in 1995 developed a method to perform classical MD including electronic friction from metal electrons. By deriving the nonadiabatic coupling between electronic states and applying the GLE, they obtained electronic friction for the CO/Cu(100) system. Since then, generalized Langevin equations has become an important tool in the study of adsorbate dynamics on metal surface, even under external driving.
Although the general picture discussed above is widely accepted, obtaining quantitative measures of the role of EHP excitation in the adsorption and reaction dynamics is still challenging. Here, we only summarize recent theoretical and experimental advances in typical systems [41-43, 47-56, 142-146] .
Bünermann et al. studied inelastic H-atom scattering from Au(111) surface [46] . A beam of nearly mono-energetic H atoms was prepared by laser photolysis and injected on to Au(111) surface with and without adsorbed Xe layers. The experimental setup allowed study of inelastic H-atom scattering with different incidence and scattering angles. The experimental results show drastic difference between Xe and Au surface scattering. For Xe surface, due to the requirement of energy and momentum conservation, the translational energy loss of the H-atom was small. For Au (111) surface, the translational energy of H-atom can be directly converted to EHP excitations. Thus, the energy loss was much larger than in the Xe surface case. The experimental results were compared to theoretical simulations with and without including the electronic friction (Fig. 6) , and it was seen how the electronic friction was needed to obtain a reasonable agreement with the experimental results. This work shows clear evidence of translational energy dissipation due to electronic friction.
The tensorial feature of Γ e matrix in Eq. (17) was emphasized in recent works [50, 51] . The off-diagonal elements of Γ e in the mode space couple different modes together and influence the energy distribution within different vibrational modes. The electronic friction is normally anisotropic, i.e., depending on the direction in real space and having different magnitude for different vibrational modes. Figure 7 shows an example of CO adsorbed at an atop site of Cu(100) surface. The friction matrix elements in real space are shown. Based on this understanding, Maurer et al. studied the scattering and dissociative chemisorption of H 2 on the Ag(111) surface (Fig. 8) . Although the electronic friction only accounts about 5% of the energy loss, the anisotropy of the friction induces dynamical steering that changes the reaction outcomes.
Irradiation of a metal with an ultrafast femtosecond laser pulse induces electronic excitations and adsorbate desorption from the metal surface. This probes how hot excited electrons transfer energy to the adsorbate vibrations. The Langevin equation has been used to study these processes [144, 147] . Figures 9 and 10 show two examples of simulations after laser excitation. Left panel: time-dependent behavior of the electron, phonon, and adsorbate temperatures (T el , T ph , T ads ). Right panel: the hot electron-mediated dynamics is mapped to an effective heating mechanism similar to Eq. 26. T w represents an effective temperature that captures the physics of the adsorbate excitation, and the fluence F is related to the temperature T w . T w determines the microscopic properties of the desorbed molecules, and it's of great benefit to numerical simulation. Figure adopted from Ref. [147] with permission.
Joule heating and current-induced forces in molecular conductors
One advantage of the SGLE is that it allows consideration of Joule heating and current-induced forces on an equal footing. The authors in Ref. [92] studied the interplay of these two channels of energy transfer from the nonequilibrium electronic to the nuclear DoF. The coupling of the system to phonons and electrons in the two electrodes was considered simultaneously. It was found that, the effect of the current-induced force depends on the direction of the current flow. In particular, for a symmetric system with current flow, a asymmetrically placed hot-spot in the nuclear energy distribution (Fig. 11) was observed. This effect mainly comes from the non-conservative part of the force and depends on the wave length of the electron scattering states. These results show the important role played by the non-conservative current-induced force and its relation to the momentum transfer from charge carriers to the nuclear DoF [128] . Asymmetric heating has been observed in nanojunctions. These effects are central for the directed motion of atoms in the electromigration of nanojunctions [148, 149] .
Our analysis so far is limited to the harmonic approximation for the vibrations. In the SGLE, the anharmonic interactions is taken into account classically. Direct MD simulation using either Eqs. (17) (18) (19) (20) takes the anharmonic vibrational interactions into account in the same way as the classical MD. But the inclusion of zero point motion and correct quantum distributions in the SGLE extends its range of validity to the study of heat transport at low temperature and dynamics in the presence of electrical current.
In Ref. [93] , Bode and co-authors considered anharmonic atomic dynamics driven by an electrical current using an equation similar to Eq. (17) . There, the anharmonicity comes from the adiabatic F e , which depends on the atomic displacement X. They found that, beyond the harmonic instability, the anharmonic forces stabilize the dynamics and the system goes into some kind of limit cycles. The appearance of the limit cycles can be seen from the two-peak to one-peak transition in the current and displacement correlation functions (Fig. 12 (c), (d) ). The SGLE has also been used to study current-induced dynamics going towards a more realistic atomistic description of the system. The authors have considered the dynamics of an carbon atomic chain between two graphene nanoribbon electrodes [89, 91, 150, 151] . A tight-binding model for the electronic structure and the Brenner potential for the inter-atomic interaction was used. The electronic structure was updated on the fly during the MD simulation (Fig. 13 ). This kind of calculation makes it possible to study current-induced dynamics using MD simulation. So far, the dynamics was based on empirical potentials. However, it would be highly desirable to perform at initio MD based on f.ex. DFT electronic structure calculations. In order to achieve this goal, an efficient way of performing the DFT calculations is crucial possibly including partly the non-equilibrium forces using DFT-NEGF [152] . 
Nuclear quantum effect in molecules and solids
The nuclear quantum effect (NQE) has important implications for the physical and chemical properties of molecules and crystals made from light elements and stiff chemical bonds [153] . One notable example is the complicated behav- ior of the hydrogen bond under different conditions [154] . To study the NQE, the dynamics of nuclei has to be treated quantum mechanically, and to this end path-integral MD (PIMD) and Monte Carlo methods are normally used. Recently, the semi-classical Langevin equation was used to partially account for the nuclear quantum effect [17] [18] [19] [20] [21] [22] [23] [24] [25] . The idea is to simply attach one artificial quantum thermal bath (QTB) to each nuclear DoF. For each element X i , we havë
Equation (28) ). This is a colored noise spectrum that depends on ω. In the high temperature limit, it reduces to the well-known relation: χ i (ω)χ * i (ω) = 2γ i k B T , where ω-dependence can be ignored and the noise spectrum becomes white.
The advantages of this approach is that it introduces almost no extra computational cost compared to standard classical MD. Its performance in determining many physical properties has been calibrated through comparison to the fully quantum mechanical approaches [17, 18, 21, 23-25, 155, 156] .
Dammak et al. showed that temperature dependence of MgO's lattice constant and its heat capacity calculated from the SGLE agree well with experimental measurements [18] (Fig. 14) . Bronstein and coauthors studied the NQE on the phase transition in pure and salty ice at high pressure [24, 25] . They found excellent agreement between the experimental and the theoretical results using the QTB model. Further applications include vibrational properties of polyatomic molecules [157, 158] , isotope effect [19] , shocked-compressed molecules [159, 160] , spin-phonon dynamics [161] [162] [163] .
Ceriotti et al. took an important step further [17, 20, 22, 23, 68, 70, 164] . We have mentioned that, given the full Hamiltonian of the global system, the parameters entering the SGLE are derivable from the microscopic Hamiltonian. Ceriotti and coauthors have performed a 'reverse-engineering' of the QTB, making full use of the flexibility in choosing the bath parameters for target applications. This concept has been termed 'Langevin thermostatà la carte'. They showed that through systematic optimization, the properties of the QTB can be tailored to display desired sampling features, i. e., selective coupling of the thermal bath to target certain vibrational modes. When combined, the QTB can significantly improve the convergence and scalability of PIMD to reach a performance comparable to that of the standard Nosé-Hoover chain thermostat.
As a semi-classical approach, the SGLE can only account partially for the quantum effects. More importantly, it has the problem of zero point energy (ZPE) leakage [165] . This problem arise from the fact that in the SGLE, the ZPE is stored in each harmonic mode classically. In the presence of anharmonic couplings, even at zero temperature, the classically stored ZPE can redistribute between different vibrational modes. This unphysical energy flow from the high frequency modes to the low frequency vibrational modes results in a wrong energy distribution (ZPE leakage). The average energy of each vibrational mode is determined by its coupling to the thermal bath characterized by γ in the Langevin equation and to other modes determined by the anharmonic coupling. The problem is common to methods based on classical trajectories. Different solutions of this problem have been proposed [21, 165, 166] . Brieuc et al. have studied this effect carefully in both model and realistic structures [21] and found that, in most cases, by simply increasing γ, the energy exchange between the thermal bath and the vibrational mode becomes dominant. In this way the ZPE leakage becomes relatively small. Taking notice of this problem, except for very anharmonic systems, the QTB can then give reasonable results for many properties.
Quantum thermal transport in nanostructures
By attaching the system to multiple QTBs, one may study phonon heat transport using the SGLE [12-16, 30-32, 36, 37] . For linear harmonic systems, the ZPE leakage is not present, and has been shown analytically that, the SGLE produces exact results consistent with fully quantum mechanical approaches (Fig. 15) [14, 27, 29] . Figure 15 compares numerically the thermal conductance of a model harmonic chain calculated from the SGLE and the NEGF method. The agreement is due to the quantum statistics of the mode occupations in the thermal bath. For linear harmonic systems this can efficiently propagate into the system through the system-bath coupling. This is especially important for systems with light atoms whose Debye frequency is high, and classical statistics fails. For example, the room temperature thermal conductivity of carbon materials can not be predicted directly from classical MD due to the large Debye frequency. Similarly, Langevin equations for electrons are also derived and shown to be consistent with the standard Landauer or NEGF result for noninteracting electrons [27, 32] . On the other hand, including the anharmonic interactions, at high temperatures where the quantum mechanical effect is not important, the SGLE yields results consistent with classical MD simulation [14] . Thus, the transition of heat transport from quantum, ballistic to the classical, diffusive regime can be studied using this approach [14, 31, 33, 167] . Figure 16 shows the thermal conductance (σ) of a graphene nanoribbon as a function of ribbon length. When the ribbon is short, σ does not depend on the length, the system is in the ballistic transport regime. When the length is > 600 nm, σ decreases with length as ∼ L −0.67 [33] . Intuitively, the ZPE leakage is not expected to have a large influence on the real space heat transport. The modes contributing most to heat transport should be traveling waves that are delocalized in real space. Thus, the energy leakage between different modes does not take place locally, while the heat current is calculated locally. But a case study shows the opposite. A comparison of classical, semi-classical and experimental results of thermal conductivity of solid argon shows that, the SGLE approach behaves much worse than the classical MD [165] . Presumably, the failure of the SGLE is due to the ZPE leakage, while the accidental cancellation of the two errors makes the classical MD results agree better with the experiments. This clearly shows the limitation of the SGLE, but more careful studies are needed before one can draw any conclusions on the effect of ZPE leakage on the thermal conductivity predicted from the SGLE.
One important advantage of the GLE approach is that it is a first principles approach, in the sense that the parameters entering the SGLE can be calculated from the microscopic Hamiltonian. We can calculate the friction matrix and fluctuating force correlations based on this, as long as the bath and the system-bath coupling are linear. Even in the classical limit, the GLE is an ideal method to perform MD simulation, due to its stronger theoretical foundation compared to other approaches. For example, it fulfills the fluctuation-dissipation relation and ensures that the system can reach the canonical distribution in the long time limit [16] . Recently, algorithms aiming at application to realistic materials have been developed to efficiently treat the memory effect in the friction kernel and the colored noise spectrum [34, 35] . This opens the possibility of its application to realistic materials.
Conclusions
In this review, based on the influence functional approach, the classical Langevin equation is extended to include the quantum statistics and nonequilibrium features of the reservoir degrees of freedom. We have considered both phonon and electron reservoirs. These extensions result in a semi-classical generalized Langevin equation (SGLE), which can be used to study different problems that are difficult to handle using classical MD. The nuclear quantum effect in materials can be partly included through coupling to the quantum phonon baths. Phonon thermal transport can be studied by coupling the system to several phonon reservoirs with different temperatures. Atomic vibration, translation and rotation of adsorbates on metal surfaces are damped through the electron-hole pair excitation in the metal electrons. This is taken into account as the electronic friction in the SGLE. For nano-scale conductors in the presence of a current flow in the electronic reservoir, several interesting effects are predicted from the SGLE. Apart from the electronic and phononic reservoirs, a quantum thermal bath representing black body radiation has recently been used to study the radiative heat transfer from a black body to nearby dielectric nanoparticles [168] . This is possible since eigenmodes of electromagnetic waves and phonons are both represented by a set of harmonic oscillators. These results greatly extend the range of applications of the MD methods.
We also discussed the technical problems and available solutions in order to use the method to study realistic systems. The non-Markovian friction kernel can be transformed to a Markovian one by introducing auxiliary degrees of freedom. The colored noise can be generated on the fly during the MD simulation. The implementation of the quantum phonon bath in available molecular dynamics codes will further accelerate its application to the problems mentioned above. Several groups are working on this now, and it is believed that, these developments will enrich and widen the applications of MD.
